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DOLBEAULT DGA AND L∞-ALGEBROID OF THE FORMAL NEIGHBORHOOD
SHILIN YU
ABSTRACT. We continue the study the Dolbeault dga of the formal neighborhood of an arbitary
closed embedding of complex manifolds previously defined by the author in [Yua]. The special
case of the diagonal embedding has been studied in [Yu15]. We describe the Dolbeault dga ex-
plicitly in terms of the formal differential geometry of the embedding. Moreover, we show that
the Dolbeault dga is the completed Chevalley-Eilenberg dga an L∞-algebroid structure on the
shifted normal bundle of the submanifold. This generlizes the result of Kapranov on the diago-
nal embedding and Atiyah class.
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2 SHILIN YU
1. INTRODUCTION
This is the continuation of [Yua] and [Yu15]. In [Yua] we introduced the notion of Dolbeaut
differential graded algebra (dga) of the formal neighborhood of a closed embedding of complex
manifolds, which contains all the formal geometric information of the embedding. Then in
[Yu15] we studied the Dolbeault dga of the diagonal embedding and recovered Kapranov’s
description of the formal neighborhood of the diagonal in terms of the Atiyah class ([Kap99]).
In the current paper, we will generalize the results in [Yu15] to arbitrary closed embeddings
and show how to describe the Dolbeault dga explicitly in terms of the differential geometry of
the submanifold, at least when the ambient manifold has a Ka¨hler metric.
The Dolbeault dga A = (A•(Yˆ), ∂) for the formal neighborhood Yˆ of any closed embedding
i : X →֒ Y is defined in a canonical way, independent of any auxiliary geometric structures
of the manifolds. A certain dg category PA of certain dg-modules over A was built in [Yua]
following the work of [Blo10] and was shown to be a dg-enhancement of the derived category
of coherent sheaves over Yˆ.
However, we are interested in explicit construction of objects in PA, among which the most
important one for us is the derived direct image of OX on Yˆ, which will be the main content of
our upcoming work [Yub]. There we will study the quantized analytic cycle class defined by
Grivaux [Gri14], which specializes to the usual Todd class in the case of diagonal embedding.
For this purpose, we need a geometric description of the Dolbeault dga, which reflects how the
submanifold ’curls’ in the ambient manifold.
The paper [Yu15] provides such a description in the case of the diagonal embedding∆ : X →֒
X × X. It was shown that there exist isomorphisms between the Dolbeault dga of the formal
neighborhood X(∞)X×X and the dga (A
0,•
X (Sˆ(T
∗X)),Dσ) of the Dolbeault resolution of the com-
pleted symmetric algebra of the cotangent bundle of X, where the differentials Dσ depend on
sectionsσ of certian jet bundle with infinite dimensional fibers and related to the Atiyah class of
X. In the current paper, we generalize this result to the case of a general embedding i : X →֒ Y,
i.e., we show that there are isomorphisms between the dgas (A•(Yˆ), ∂) and (A0,•X (Sˆ(N∨)),D),
where N∨ is the conormal bundle of the submanifold and the differential D again depends on
sections of some jet bundle. The main idea is to consider the graph i˜ : X →֒ X × Y of i, which
again is an embedding, and the natural map between the pairs (X,X × Y) → (X,Y). The for-
mal neighborhood Yˆ of X inside Y can then be studied by studying the formal neighborhood
X(∞)X×Y of X inside X×Y. The latter has a similar description as that of the diagonal embedding
(Theorem 3.4).
Kapranov’s original result was formulated as an L∞-algebra structure on the shifted tangent
bundle TX[−1], whose binary bracket is given by the Atiyah class. In our language, the com-
pletedChevalley-Eilenberg dga of TX[−1] is the Dolbeault dgaA•(X(∞)X×X) or (A
0,•
X (Sˆ(T
∗X)),Dσ).
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In particular, it induces an Lie algebra structure on TX[−1] as an object in the derived cat-
egory of X. Our result on general embeddings can also be reformulated as an L∞-structure
on the shifted normal bundle N[−1]. The novel discovery here is an extra ∞-anchor map
N[−1]→ TX which makes N[−1] into an L∞-algebroid. In the case of the diagonal embedding,
it recovers Kapranov’s L∞-algebra, where the anchor map vanishes. To our knowledge, the
notion of L∞-algebroid was first defined in the work of Kjeseth ([Kje01b], [Kje01a]) under the
name of strong homotopy Lie-Rinehart algebras. L∞-algebroids also appear in other context,
such as string theory ([SSS12]) and the study of foliations ([Vit14]).
We want to mention that Calaque, Ca˘lda˘raru and Tu have established similar results in the
algebraic setting ([CCT14]). While they built a dg-Lie algebroid on some dg-sheaf which is
quasi-isomorphic to i∗N[−1] in the derived category of Y, our L∞-algebroid has the Dolbeault
resolution of the normal bundle as the underlying complex and the higher brackets do not
vanish in general.
The paper is organized as follows. In § 2 we recall the general definition of the Dolbeault dga
A•(Yˆ) for the formal neighborhood Yˆ of an arbitrary closed holomorphic embedding i : X →֒
Y of complex manifolds. In § 3 we briefly review our reformulation ([Yu15]) of Kapranov’s
result of the diagonal embedding. We recall various infinite dimensional fiber bundles arising
from formal geometry, which we already used heavily in [Yu15] to derive Kapranov’s results.
We then apply them in 4 to get a description of the Dolbeault dga of an arbitrary embedding
i : X →֒ Y, in which many other differential geometric quantities other than the curvature,
such as Kodaira-Spencer class and shape operator, come into the picture. The main result is
Theorem 4.5. For convenience we only discuss the Ka¨hler case, yet the formulas make sense in
broader context (see the comment at the beginning of § 4.2.2) . We construct an isomorphism
from our canonical yet abstractly defined Dolbeault dga A•(Yˆ) to a concrete dga, namely the
completed symmetric algebraA0,•(Sˆ(N∨)) of the conormal bundle of X in Y, and compute the
differential on it. The main result is Theorem 4.5 for the final answer. Finally, § 5 is contributed
to the equivalent L∞-description. We will recall the basic definitions of L∞-algebroids from
[Vit14]. For convenience, we will mainly use L∞[1]-algebroid, which is a shifted version of
L∞-algebroid, since the signs involved in the formula are enormously simplified.
Acknowledgements. The author would like to thank Jonathan Block, Damien Calaque, An-
drei Ca˘lda˘raru, Nigel Higson and Junwu Tu for many discussions.This research was partially
supported under NSF grant DMS-1101382.
2. DOLBEAULT DGA OF FORMAL NEIGHBORHOODS
2.1. Definitions and notations. We review the notations and definitions from [Yua]. Let i :
(X,OX) →֒ (Y,OY) be a closed embedding of complex manifolds where OX and OY are the
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structure sheaf of germs of holomorphic functions over the complex manifolds X and Y re-
spectively. Let I the ideal sheaf of OY of holomorphic functions vanishing along X. The main
objects studied by this paper are the r-th formal neighborhood Yˆ(r) of X in Y, which is defined as
the ringed space (X,OYˆ(r)) whose the structure sheaf is
OYˆ(r) = OY/I
r+1,
and the (complete) formal neighborhood Yˆ = Yˆ(∞), which is defined to be the ringed space (X,OYˆ)
where
OYˆ = lim←−
r
OYˆ(r) = lim←−
r
OX/I
r+1.
We will also use the notations X(∞)Y = Yˆ and X
(r)
Y = Yˆ
(r) when we need to emphasize the sub-
manifolds.
In [Yua] the Dolbeault differential graded algebra (dga) of the embedding i : X →֒ Y is defined as
follows. Let (A0,•(Y), ∂) = (∧•Ω0,1Y , ∂) be the Dolbeault complex of Y, thought of as a dga. For
each nonnegative integer r, a•r is set to be the graded ideal of A
0,•(Y) consisting of those forms
ω ∈ A0,•(Y) satisfying
i∗(LV1LV2 · · · LVlω) = 0, ∀ 1 ≤ j ≤ l, (2.1)
for any collection of smooth (1, 0)-vector fields V1,V2, . . . ,Vl over Y, where 0 ≤ l ≤ r. By
Proposition 2.1, [Yua], a•r is invariant under the action of ∂ and hence is a dg-ideal of (A0,•(Y), ∂).
Definition 2.1 (Definition 2.3, [Yua]). The Dolbeault dga of the r-th formal neighborhood Yˆ(r) is the
quotient dga
A•(Yˆ(r)) := A0,•(Y)/a•r .
The Dolbeault dga of the complete formal neighorhood Yˆ is defined to be the inverse limit
A•(Yˆ) = A•(Yˆ(∞)) := lim
←−
r
A•(Yˆ(r)).
We will write A(Yˆ) = A0(Yˆ) and A(Yˆ(r)) = A0(Yˆ(r)) for the zeroth components of the Dol-
beault dgas.
The Dolbeault dgaA•(Yˆ(r)) can be sheafified to a soft sheaf of dgas A •(Yˆ(r)) over X for r ∈ N
or r = ∞ (see [Yua] for details). Moreover, there are natural inclusions of sheaves of algebras
OYˆ(r) →֒ A (Yˆ
(r)) The following result was proved in [Yua].
Theorem 2.2 (Prop. 2.8., [Yua]). For any nonnegative integer r or r = ∞, the complex of sheaves
0→ OYˆ(r) → A
0
Yˆ(r)
∂
−→ A 1
Yˆ(r)
∂
−→ · · ·
∂
−→ A m
Yˆ(r)
→ 0
is exact, where m = dimX. In other words, (A •
Yˆ(r)
, ∂) is a soft resolution of OYˆ(r).
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As the completion of A0,•(Y) with respect to the filtration a•r , the dga A
•(Yˆ) is itself filtered
and its associated graded dga is
grA•(Yˆ) ≃ (A0,•(Y)/a•0)⊕
∞⊕
r=0
a
•
r /a
•
r+1.
Note that A0,•(X) ≃ A0,•(Y)/a•0 and a
•
r /a
•
r+1 are dg-modules over (A
0,•(X), ∂). We define, for
each r ≥ 0, a ‘cosymbol map’ of complexes
τr : (a
•
r /a
•
r+1)→ A
0,•
X (S
r+1N∨), (2.2)
where Sr+1N∨ is the (r+ 1)-fold symmetric tensor of the conormal bundle N∨ of the embed-
ding. Given any (r + 1)-tuple of smooth sections µ1, . . . ,µr+1 of N, we lift them to smooth
sections of TY|X and extend to smooth (1, 0)-tangent vector fields µ˜1, . . . , µ˜r+1 on Y (defined
near X). We then define the image ofω+ a•r+1 ∈ a
•
r /a
•
r+1 under τ for anyω ∈ a
•
r , thought of as
linear functionals on (N)⊗(r+1), by the formula
τr(ω+ a
•
r+1)(µ1 ⊗ · · · ⊗ µr+1) = i
∗Lµ˜1Lµ˜2 · · · Lµ˜r+1ω. (2.3)
The map τr is well-defined and is independent of the choice of the representativeω and µ˜ j’s.
Moreover, the tensor part of τr(ω+ a•r+1) is indeed symmetric.
Proposition 2.3. The map τr in (2.2) is an isomorphism of dg-modules over (A0,•(X), ∂).
Corollary 2.4. We have a natural isomorphism of dgas
grA•(Yˆ) ≃
∞⊕
n=0
A0,•X (S
nN∨).
3. DOLBEAULT DGAS OF DIAGONAL EMBEDDINGS
Among all important and interesting examples is the diagonal embedding ∆ : X →֒ X × X
of a complex manifold X into product of two copies of itself. We then have the formal neigh-
borhood of the diagonal, X(∞)X×X, which is understood as the dga (A
0,•(X(∞)X×X), ∂) constructed
in the previous section. It is isomorphic to the Dolbeault resolution of the infinite holomorphic
jet bundle J∞X . In this case one can write down the ∂-derivation explicitly (at least when X is
Ka¨hler) due to a theorem below by Kapranov ([Kap99]), of which we will reproduce the Ka¨hler
case in a slightly different way and discuss the general situation later.
Intuitively one would expect that there is an isomorphism
A0,•(X(∞)X×X) ≃ A
0,•(Sˆ•X(T
∗X)) (3.1)
by taking ’Taylor expansions’, where Sˆ•(T∗X) is the bundle of complete symmetric tensor al-
gebra generated by the cotangent bundle of X (which is natural identified with the conormal
bundle of the diagonal embedding). Such an isomorphism does exist, but there is no canonical
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way to define it since one need to first choose some local coordinates to get Taylor expansions.
Indeed we will see that the isomorphism depends (in a more or less 1-1 manner) on a smooth
choice of formal (holomorphic) coordinates on X.
3.1. Diagonal embeddings and jet bundles. We consider the case of diagonal embeddings.
Let X be a complex manifold and let ∆ : X →֒ X×X be the diagonal map. For convenience, we
write ∆(r) = X
(r)
X×X for r ∈ N or r = ∞ throughout this section.Denote by pr1, pr2 : X × X → X
the projections onto the first and second component of X × X respectively. The jet bundle J rX
of order r (r ∈ N or r = ∞) can be viewed as the sheaf of algebras
J rX = pr1∗ O∆(r) ,
which is a sheaf of OX-modules where the OX-actions are induced from the projection pr1. The
sheaf (A 0,•(J rX), ∂) of Dolbeault complexes of J rX is a sheaf of dgas and its global sections
forms a dga
A0,•(J rX) = Γ(X,A
0,•(J rX)).
Since J rX is a sheaf of OX-modules, A
0,•(J rX) is a dga over the dga (A
0,•(X), ∂).
The Dolbeault dga (A•(∆(r)), ∂) of the formal neighborhood (A•(∆(r)), ∂) (r ∈ N or r = ∞) is
also an (A0,•(X), ∂)-dga via the compositions of homomorphisms of dgas
A0,•(X)
pr∗1−→ A0,•(X × X) → A•(∆(r)).
Proposition 3.1 (Prop. 2.8., [Yu15]). The natural inclusionO∆(r) →֒ A∆(r) determines an (A
0,•(X), ∂)-
linear morphism of dgas
Ir : A
0,•(J rX)
≃
−→ A•(∆(r))
either when r ∈ N or r = ∞. Similar results hold for the corresponding sheaves.
3.2. Formal geometry.
3.2.1. Differential geometry on formal discs. Fix a complex vector space V of dimension n. The
formal disc V̂ is the formal neighborhood of 0 in V. Its function algebra is the formal power
series algebra
F = CJV∗K = Sˆ(V∗) = ∏
i≥0
SiV∗.
It is a complete regular local algebra with a unique maximal idealm consisting of formal power
series with vanishing constant term. The associated graded algebra with respect to the usual
m-filtration is the symmetric algebra
grF = S(V∗) =
⊕
i≥0
SiV∗.
Since we are in the complex analytic situation, we endow F with the canonical Fre´chet topol-
ogy . In algebraic setting, one need to use the m-adic topology on F . However, the associated
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groups and spaces in question remain the same, though the topologies on them will be differ-
ent. Since our arguments work for both Fre´chet and m-adic settings, the topology will not be
mentioned explicitly unless necessary. We also use V̂ = SpfF to denote the formal polydisc,
either as a formal analytic space or a formal scheme.
We recall several definitions in §4, [Yu15]:
G(∞)(V) = the proalgebraic group of automorphisms of the formal space V̂,
J(∞)(V) = Ker(d0 : G
(∞) → GLn(V)), where d0(φ) is the tangent map ofφ ∈ G
(∞) at 0,
g(∞)(V) = Lie algebra of G(∞)(V)
= Lie algebra of formal vector fields on V̂ vanishing at 0
= ∏
i≥1
V ⊗ SiV∗
= ∏
i≥1
Hom(V∗, SiV∗),
j(∞)(V) = Lie algebra of J(∞)(V)
= Formal vector fields on V̂ with vanishing constant and linear terms
= ∏
i≥2
V ⊗ SiV∗
= ∏
i≥2
Hom(V∗, SiV∗),
(3.2)
g(∞)(V) and j(∞)(V) act on F = ∏i≥0 SiV∗ as derivations in the obvious way. For convenience
we will write G(∞) = G(∞)(V) and so on.
The short exact sequence
1→ J(∞) → G(∞) → GLn(V) → 1 (3.3)
splits canonically by identifying elements of GLn = GLn(V) as jets of linear transformations
on V̂. Hence G(∞) is the semidirect product G(∞) = J(∞) ⋊GLn. The canonical bijection of sets
q : J(∞)
≃
−→ G(∞)/GLn (3.4)
is G(∞)-equivariant if we endowG(∞)/GLn with the usual left G(∞)-action and the left G(∞)-action
on J(∞) is given by
ψ ·ϕ = ψ ◦ϕ ◦ (d0ψ)
−1, ∀ ψ ∈ G(∞), ∀ϕ ∈ J(∞). (3.5)
In view of (3.5), it is natural to interpret J(∞) as the set of formal exponential map ϕ : T̂0V
≃
−→
V̂, where T̂0V is the completion of the tangent space T0V at the origin, which is canonically
identified with V̂ itself. Such ϕ induces the identity map on the tangent spaces of the two
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formal spaces at the origins. Moreover, giving a formal exponential map ϕ is equivalent to
giving an isomorphism between filtered algebrasϕ∗ : F → FT, where
FT := Sˆ((T0V)
∗) = Sˆ(V∗)
is the algebra of functions on T̂0V, such that the induced isomorphism between the associated
graded algebras, which are both S(V∗), is the identity map.
In [Yu15] we introduced the set Conn of all flat torsion-free connections on V̂, i.e., each ele-
ment of Conn is a (nonlinear) map
∇ : TV̂ → TV̂ ⊗O
V̂
T∗V̂
satisfying the Leibniz rule and the flatness and torsion-freeness conditions. By abuse of no-
tation, we also use ∇ to denote the induced connection on the cotangent bundle of V̂ and its
associated tensor bundles:
∇ : T∗V̂ → T∗V̂ ⊗O
V̂
T∗V̂.
There is a canonical bijection
exp : Conn
≃
−→ J(∞), ∇ 7→ exp∇, (3.6)
which assigns to each connection ∇ a formal exponential map exp∇ : T̂0V → V̂, which is
completely determined by the way it pulls back functions f ∈ F ,
exp∗∇( f ) = (∇
i f |0)i≥0 = ( f (0),∇ f |0,∇
2 f |0, · · · ) ∈ ∏
i≥0
Si(T0V)
∗ = FT , (3.7)
where∇ f = df and∇i f = ∇i−1df for i ≥ 2. The torsionfreeness and flatness of ∇ guanrantee
that the terms in the expression are symmetric tensors.
Moreover, G(∞) naturally acts on Conn from left by pushing forward connections via auto-
morphisms of V̂. By Lemma 4.1, [Yu15], the bijection exp : Conn→ J(∞) is G(∞)-equivariant.
3.2.2. Bundle of formal coordinates and connections. We introduce the bundle of formal coordinate
systems Xcoord of a smooth complex manifold X from §4.4., [Kap99]. At each point x ∈ X the
fiber Xcoord,x is the space of infinite jets of biholomorphismsϕ : V ≃ C
n → X withϕ(0) = x.
Xcoord is naturally a holomorphic principal G
(∞)-bundle.
We can apply the associated bundle construction to the principal G(∞)-bundle Xcoord to glob-
alize various objects defined in §3.2.1. There is a canonical isomorphism between bundles of
algebras
Xcoord ×G(∞) F ≃ J
∞
X
and hence we have a tautological trivalization of the jet bundle J∞X over Xcoord
Xcoord ×X J
∞
X ≃ Xcoord ×F . (3.8)
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Other related jet bundles, such as J∞TX (J
∞T∗X, resp.), the jet bundle of the tangent bundle
(cotangent bundle, resp.), can be obtained in a similar way by the associated bundle construc-
tion.
Another related bundle pi : Xexp → X is the bundle of formal exponential maps introduced
in [Kap99], which we denote by Xexp. At each x ∈ X the fiber Xexp,x is the space of jets of
holomorphic maps φ : TxX → X such that φ(0) = x, d0φ = IdTxX. We have a canonical
isomorphism
Xexp → Xcoord ×G(∞) J
(∞) ≃ Xcoord ×G(∞) (G
(∞)/GLn)
which hence induces a biholomorphism
Xcoord/GLn ≃ Xexp (3.9)
We also defined in [Yu15] the bundle of jets of flat torsion-free connection
Xconn = Xcoord ×G(∞) Conn
whose fiber at a each point x ∈ X consists of all flat torsion-free connections on the formal
neighborhood of x. The G(∞)-equivariant bijection exp : Conn
≃
−→ J(∞) induces an identification
between the Xconn and Xexp. We regard them as the same bundle with different descriptions.
There is a tautological flat and torsion-free connection over Xconn,
∇tau : pi
∗J∞T∗X → pi∗J∞T∗X ⊗pi∗J∞X pi
∗J∞T∗X,
which is OXconn-linear and satisfies the Leibniz rule with respect to the differential
d˜(∞) : pi∗J∞X → pi
∗J∞T∗X
that is the pullback of
d(∞) : J∞X → J
∞T∗X.
Here d(∞) is a OX-linear differential obtained by apply the associated bundle construction with
Xcoord and the de Rham differential d : OV̂ → T
∗V̂ on the formal disc V̂.
On the other hand, since Xconn can also be interpreted as the bundle Xexp of formal exponen-
tial maps, we have a tautological isomorphism between sheaves of algebras over Xconn = Xexp,
Exp∗ : pi∗(Xcoord ×G(∞) F) → pi
∗(Xcoord×G(∞) FT).
The domain is identified as pi∗J∞X or pi
∗O
X
(∞)
X×X
, the pullback via pi of the structure sheaf of the
formal neighborhood of the diagonal in X × X, while for the codomain we have
Xcoord ×G(∞) FT ≃ Xcoord ×G(∞) GLn ×GLn FT ≃ Xcoord/J
(∞) ×GLn FT
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by our definition of the G(∞)-action on FT. But the principal GLn-bundle Xcoord/J
(∞) is exactly
the bundle of (0th-order) frames on X, so
Xcoord/J
(∞) ×GLn V ≃ Xcoord/J
(∞) ×GLn T0V ≃ TX.
and similarly
Xcoord/J
(∞) ×GLn V
∗ ≃ T∗X.
Since the GLn-action respects the decomposition FT = ∏i≥0 SiV∗, we get
Xcoord/J
(∞) ×GLn FT ≃ ∏
i≥0
SiT∗X = Sˆ(T∗X),
which is the structure sheaf of X(∞)TX, the formal neighborhood of the zero section of TX. In short,
we have a tautological exponential map
Exp : pi∗X(∞)TX → pi
∗X(∞)X×X
or equivalently, a tautological Taylor expansion map
Exp∗ : pi∗O
X
(∞)
X×X
→ pi∗O
X
(∞)
TX
.
which is an isomorphism of bundles of topological algebras. The induced map between asso-
ciated bundle of graded algebras
gr Exp∗ : pi∗ grO
X
(∞)
X×X
= pi∗S(T∗X) → pi∗S(T∗X)
is the identity map. By (3.7) we can write Exp∗ explicitly in terms of ∇tau,
Exp∗( f ) = (∇itau f |0)i≥0 = ( f (0),∇tau f |0,∇
2
tau f |0, · · · ) ∈ pi
∗ Sˆ(T∗X), (3.10)
where |0 stands for the ’restriction to the origin’ map pi
∗SiJ∞T∗X → pi∗SiT∗X. It is the glob-
alization of the natural restriction map T∗V̂ → T∗0 V̂ = V
∗ by applying the associated bundle
construction with Xcoord and then pulling back onto Xconn via pi . Again ∇tau f means d
(∞) f and
so on.
The Taylor expansion map Exp∗ induces a natural bijection between global smooth sections
of Xconn and all possible smooth isomorphisms betweenJ∞X and Sˆ(T
∗X)which are the identity
map on the level of associated graded algebras. Given any smooth sectionσ of Xconn, we denote
by
exp∗σ : J
∞
X → Sˆ(T
∗X)
the corresponding smooth homomorphism of bundles of algebras over X. It is holomorphic if
and only if σ is holomorphic. In general, Xconn carries a flat (0, 1)-connection d, such that for
any given smooth sectionσ of Xconn, its anti-holomorphic differential
ωσ := dσ ∈ A
0,1(j(∞)(TX)) (3.11)
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is well-defined and it satisfies a Maurer-Cartan type equation
∂ωσ +
1
2
[ωσ ,ωσ ] = 0. (3.12)
We denote by
αnσ ∈ A
0,1
X (Hom(S
nTX, TX)) = A0,1X (Hom(T
∗X, SnT∗X)).
the n-th graded component of ω in the decomposition (3.2). By abuse of notation, we also
denote theA0,•(X)-linear extension of exp∗σ by
exp∗σ : A
•(X(∞)X×X)→ A
0,•
X (Sˆ(T
∗X)) (3.13)
between graded algebras. It is in general not a homomorphism of dgas. The deficiency is
measured exactly byω since
ωσ = ∂ exp∗σ ◦(exp∗σ)−1, (3.14)
where ∂ exp∗σ = [∂, exp∗σ ]. Define a new differential Dσ = ∂− ∑n≥2 α˜nσ on A0,•X (Sˆ(T∗X), where
α˜nσ is the odd derivation of the graded algebra A
0,•(Sˆ(T∗X)) induced by αnσ . Then D
2
σ = 0 by
(3.12) and we have
Proposition 3.2 ([Yu15], Prop. 4.4.). For any given smooth section σ of Xconn, the map
exp∗σ : (A
•(X(∞)X×X), ∂) → (A0,•(Sˆ(T∗X)),Dσ)
is an isomorphism of dgas.
3.3. Kapranov’s result for Ka¨hler manifolds. Now suppose that X is equipped with a Ka¨hler
metric h. Let∇ be the canonical (1, 0)-connection in TX associated with h, so that
[∇,∇] = 0 in A2,0X (End(TX)). (3.15)
and it is torsion-free, which is equivalent to the condition for h to be Ka¨hler.
Set ∇˜ = ∇+ ∂, where ∂ is the (0, 1)-connection defining the complex structure. The curva-
ture of ∇˜ is just
R = [∂,∇] ∈ A1,1X (End(TX)) = A
0,1
X (Hom(TX ⊗ TX, TX)) (3.16)
which is a Dolbeault representative of the Atiyah classαTX of the tangent bundle. In particular
one has the Bianchi identity:
∂R = 0 in A0,2X (Hom(TX ⊗ TX, TX))
Actually, by the torsion-freeness we have
R ∈ A0,1X (Hom(S
2TX, TX))
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Now define tensor fields Rn, n ≥ 2, as higher covariant derivatives of the curvature:
Rn ∈ A
0,1
X (Hom(S
2TX ⊗ TX⊗(n−2), TX)), R2 := R, Ri+1 = ∇Ri (3.17)
In fact Rn is totally symmetric, i.e.,
Rn ∈ A
0,1
X (Hom(S
nTX, TX)) = A0,1X (Hom(T
∗X, SnT∗X))
by the flatness of∇ (3.15). Note that if we think of∇ as the induced connection on the cotangent
bundle, the same formulas (3.16) and (3.17) give −Rn.
The connection ∇ determines a smooth section of Xconn,which we write as σ = [∇]∞, by
assigning to each point x ∈ X the holomorphic jets of ∇. This has been done implicitly in the
proof of Lemma 2.9.1., [Kap99]. One can check that the induced Taylor expansion map
exp∗σ : A
•(X(∞)X×X)
≃
−→ A0,•X (Sˆ(T
∗X))
by
exp∗σ([η]∞) = (∆
∗η,∆∗∇η,∆∗∇2η, · · · ,∆∗∇nη, · · · ) ∈ A0,•X (Sˆ(T
∗X)) (3.18)
for any [η]∞ ∈ A•(X
(∞)
X×X). Here ∇ is understood as the pullback of ∇ (on the cotangent
bundle) via pr2, which is a constant family of connections along fibers of pr1, instead of jets of
∇. The key observation is that the right hand side of the formula only depends on the class
[η]∞ ∈ A•(X
(∞)
X×X) and the holomorphic jets of the∇. In [Yu15], we reformulated and reproved
Theorem 2.8.2., [Kap99] in our language.
Theorem 3.3 (Thm 3.2., [Yu15]). Assume X is Ka¨hler. With the notations from §3.2.2 and above, we
haveαnσ = −Rn, i.e.,ωσ = −∑n≥2 Rn. Thus there is an isomorphism between dgas
exp∗σ : (A
•(X(∞)X×X), ∂) → (A
0,•
X (Sˆ(T
∗X)),Dσ)
The derivation Dσ = ∂ + ∑n≥2 R˜n, where R˜n is the odd derivation of A0,•(Sˆ(T∗X)) induced by Rn.
We conclude this section by a slightly more generalized version of Theorem 3.3, which will
be used later in § 4.2. Suppose f : X → Y is an arbitrary holomorphic map. We consider the
graph of f
f˜ = (Id, f ) : X → X × Y
which is a closed embedding. So we can consider the formal neighborhood X(∞)X×Y. All the
constructions above can be carried out in almost the same way with only slight adjustment and
give us a description of the Dolbeault dga A•(X(∞)X×Y). Namely, consider the pullback bundle
f ∗Yconn over X. Each smooth sectionσ of f
∗Yconn naturally corresponds to an isomorphism
ησ : A
•(X(∞)X×Y) →֒ A
0,•
X (Sˆ( f
∗T∗Y))
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of graded algebras. One can also view sections of f ∗Yconn as jets of flat torsion-free connections
on X(∞)X×Y along Y-fibers. In particular, when Y carries a Ka¨hler metric and the canonical (1, 0)-
connection ∇, we can pullback ∇ via the projection X × Y → Y, which determines a smooth
sectionσ of f ∗Yconn and a Taylor expansion map
exp∗σ : A
•(X(∞)X×Y) → A
0,•
X (Sˆ( f
∗T∗Y)), [ζ ]∞ 7→ ( f˜
∗ζ , f˜ ∗∇ζ , f˜ ∗∇2ζ , · · · ),
for any [ζ ]∞ ∈ A•(X
(∞)
X×Y). By abuse of notations, we still write
Rn ∈ A
0,1
Z (Hom( f
∗TY, Sn( f ∗TY)))
as the pullback of the curvature form of Y and its covariant derivatives via f . Then we have
the following theorem,
Theorem 3.4. We have an isomorphism between dgas
exp∗σ : (A
•(X(∞)X×Y), ∂)
≃
−→ (A0,•X (Sˆ
•( f ∗T∗Y)),Dσ)
where Dσ = ∂ + ∑n≥2 R˜n and R˜n is the derivation of degree +1 induced by Rn.
4. CASE OF GENERAL EMBEDDINGS
Let i : X →֒ Y be an arbitrary embedding and A•(Yˆ) the Dolbeault dga associated to the
formal neighborhood of X inside Y as in § 3.2.2. The goal is to build some appropriate isomor-
phism A•(Yˆ) ≃ A0,•X (Sˆ
•(N∨)) and write down the ∂-derivation explicitly under this identifi-
cation. We will show that this can be derived from the special yet universal case considered in
§ 3.
4.1. Differential geometry of complex submanifolds.
4.1.1. Splitting of normal exact sequence and Kodaira-Spencer class. Over X we have the short exact
sequence of holomorphic vector bundles defining the normal bundle N = N
0→ TX
ι
−→ i∗TY
p
−→ N → 0 (4.1)
and its dual
0→ N∨
p∨
−→ i∗T∗Y
ι∨
−→ T∗X → 0 (4.2)
We fix a choice of C∞-splitting of the normal exact sequence (4.1), i.e., two smooth homomor-
phisms of vector bundles τ : i∗TY → TX and ρ : N → i∗TY satisfying
τ ◦ ι = IdTX, p ◦ ρ = IdN , ι ◦ τ + ρ ◦ p = Idi∗TY
and denote the corresponding dual splitting on the conormal exact sequence (4.2) by τ∨ :
T∗X → i∗T∗Y and ρ∨ : i∗T∗Y → N∨. We can choose the splittings as the orthonormal de-
composition induced by a Ka¨hler metric on Y if there is one, but again we will never need a
metric in our general discussion.
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Think of τ∨ as a C∞-section of the holomorphic vector bundle Hom(T∗X, i∗T∗Y), we can
form
β = βX/Y := ∂τ∨ ∈ A0,1X (Hom(T∗X, T∗Y)).
In fact
β ∈ A0,1X (Hom(T
∗X,N∨)).
To see this, just apply ∂ on both sides of equality ι∨ ◦ τ∨ = IdT∗X and note that ι∨ is holo-
morphic and hence ∂ι∨ = 0. By definition ∂β = 0, thus β defines a cohomology class [β] ∈
Ext1X(T
∗X,N∨), which is the obstruction class for the existence of a holomorphic splitting of
the exact sequence (4.2) or (4.1). We call it the Kodaira-Spencer class. Also note that
β = −∂ρ = −∂ρ∨ ∈ A0,1(Hom(N, TX)) = A0,1(Hom(T∗X,N∨)) (4.3)
4.1.2. Shape operator. Suppose∇ is an arbitrary (1, 0)-connection on TYwithout any additional
assumption. We use the same notation for the pullback connection on i∗TY or i∗T∗Y over X.
The induced connection on the normal bundle via the chosen splitting is denoted by∇⊥:
∇⊥Vµ := p(∇Vρ(µ)) ∈ C
∞
X (N), ∀ µ ∈ C
∞
X (N), V ∈ C
∞(TX)
(here we identify T1,0X with TX). Analogous to the shape operator in Riemannian geometry,
we also define a linear operator SN : TX ⊗ N → TX by
SµN(V) = −τ(∇Vρ(µ)), ∀ µ ∈ C
∞
X (N), V ∈ C
∞(TX). (4.4)
That is, we first lift a smooth sectionµ of the normal bundle to a section of i∗TY via the splitting,
then take its derivatives with respect to the induced connection on i∗TY and finally project the
output into TX. Note that SN is in general not a holomorphic map between vector bundles.
4.2. Taylor expansions in normal direction.
4.2.1. General discussions. Let i : X →֒ Y be a closed embedding, where Y is not necessarily
Ka¨hler. Similar to what has been done in § 3.2.2, we can consider all isomorphisms
A•(Yˆ)
≃
−→ A0,•X (Sˆ(N
∨))
which induces identity on the associated graded bundle S(N∨) and there is a infinite dimen-
sional bundle ΨX/Y → X whose smooth sections correspond exactly to such isomorphisms.
Indeed, for each x ∈ X, the fiber ΨX/Y,x is the space of jets of holomorphic maps ψ : Nx → Y
with ψ(0) = x and p ◦ d0ψ = IdNx , where Nx is the fiber of the normal bundle at point x ∈ X
and p : i∗TY → N is the natural projection.
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Similarly, we can define another bundle ΘX/Y over X whose fiber at x is the space of jets of
maps θ : Nx → TxY with θ(0) = x and p ◦ d0θ = IdNx . Then ΘX/Y admits a natural left action
of J(∞)(T∗Y) (or more precisely, J(∞)(T∗Y|X)). In fact, we have a canonical isomorphism
ΨX/Y ≃ Yexp|X ×J(∞)(T∗Y) ΘX/Y ≃ Yconn|X ×J(∞)(T∗Y) ΘX/Y.
For our purpose here, however, it is not convenient to deal with ΨX/Y since even we have
already understood Yconn in various geometric ways, general sections of the bundle ΘX/Y are
difficult to handle. So insteadwe only look at linear liftings Nx → TYx which form a subbundle
Θ
(1)
X/Y
⊂ ΘX/Y. Moreover, there is a canonical retraction ΘX/Y → Θ
(1)
X/Y
sending jets of maps
ψ : Nx →֒ Y to their linearizations d0ψ. Thus we have a fiberwise surjection of bundles
κ : Yconn|X ×X Θ
(1)
X/Y
→ Yconn|X ×J(∞)(T∗Y) ΘX/Y = ΨX/Y
As an affine bundle over the vector bundle N∨ ⊗ TX, Θ
(1)
X/Y
admits smooth sections which are
nothing but C∞-liftings ρ : N → TY. Such a lifting ρ and any section σ of Yconn|X together
determine a section Ξ of ΨX/Y via κ, and hence an isomorphism of graded algebras
exp∗X/Y,Ξ : A
•(Yˆ)
≃
−→ A0,•X (Sˆ
•(N∨))
The rest of the job is to determine which differential we should put on the codomain of this
isomorphism in terms of ρ and σ to make it into an isomorphism of dgas.
As in Theorem 3.4, denote the graph of i by
i˜ := (Id, i) : X → X× Y.
We regard X as a submanifold of X×Y via i˜, then by Theorem 3.4 a sectionσ ofYconn|X induces
exp∗σ : (A
•(X(∞)X×Y), ∂)
≃
−→ (A0,•X (Sˆ
•(T∗Y)),Dσ)
where T∗Y is understood as the pullback i∗T∗Y (wewill omit i∗ as long as there is no confusion).
The derivation
Dσ = ∂ + ∑
n≥2
R˜n (4.5)
and R˜n is induced by (the pullback of) the covariant derivatives of curvature forms of Y.
Note that we have a commutative diagram of holomorphic maps
X ⊂
i˜
> X × Y
X
wwwwww
⊂
i
> Y
pi
∨
∨
where pi : X × Y → Y is the natural projection. Thus by functoriality, pi induces an injective
homomorphism of dgas
pi∗ : (A•(Yˆ), ∂)→ (A0,•(X(∞)X×Y), ∂), [η]∞ 7→ [pi∗η]∞. (4.6)
16 SHILIN YU
We then compose pi∗ with the isomorphism exp∗σ to get
exp∗σ ◦ pi
∗ : (A•(Yˆ), ∂)→ (A0,•X (Sˆ•(T∗Y),Dσ)
We then extend ρ∨ : T∗Y → N∨ to obtain a homomorphism of graded algebras
ρ∨ : A0,•X (Sˆ
•(T∗Y)) → A0,•X (Sˆ
•(N∨)). (4.7)
Composing with exp∗σ ◦pi
∗ in (4.11) we get a homomorphism of graded algebras
ρ∨ ◦ exp∗σ ◦pi
∗ : A•(Yˆ)→ A0,•X (Sˆ
•(N∨)).
Lemma 4.1. With all the notations above, we have
exp∗X/Y,Ξ = ρ
∨ ◦ exp∗σ ◦pi
∗ (4.8)
Proof. Follows immediately from the definition of κ. 
Via the isomorphism exp∗X/Y,Ξ we can transfer the ∂-derivation on A•(Yˆ) to a derivation on
A0,•X (Sˆ
•(N∨)), denoted as D, i.e.,
D = exp∗X/Y,Ξ ◦ ∂ ◦ (exp∗X/Y,Ξ)−1.
Hence exp∗X/Y,Ξ becomes an isomorphism of dgas
exp∗X/Y,Ξ : (A
•(Yˆ), ∂) ≃−→ (A0,•X (Sˆ•(N∨)),D).
Thus we can also transfer the homomorphism pi∗ in (4.6) to a homomorphism
pi∗ : (A0,•X (Sˆ
•(N∨)),D)→ (A0,•X (Sˆ
•(T∗Y),Dσ),
by setting
pi∗ = exp∗σ ◦ pi
∗ ◦ (exp∗X/Y,Ξ)
−1. (4.9)
We then get the following commutative diagram:
(A•(Yˆ), ∂) pi
∗
> (A0,•(X(∞)X×Y), ∂)
(A0,•X (Sˆ
•(N∨)),D)
≃ exp∗X/Y,Ξ
∨
pi∗
> (A0,•X (Sˆ
•(T∗Y),D)
≃ exp∗σ
∨
Note that by (4.8) and (4.9) we have
ρ∨ ◦ pi∗ = Id : (A0,•X (Sˆ
•(N∨)),D)→ (A0,•X (Sˆ
•(N∨)),D) (4.10)
even though ρ∨ is not a homomorphism of dgas.
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4.2.2. Description of pi∗. From now on, let us assume Y is Ka¨hler and the section σ of Yconn|X is
determined by the associated (1, 0)-connection∇. However, we want to keep the reader aware
that all the arguments and computations below will still work even if the Ka¨hler condition is
dropped and the section σ is arbitrary. All the ∇ appearing in the formulae can be intepreted
as formal connections determined by σ without any change just as in Proposition 3.2. The
Ka¨hler assumption just makes sure that those terms in the final formula (4.20) ofD have clearer
differential geometric meanings.
By the discussion at the end of §3.3, the homomorphism
exp∗σ ◦ pi
∗ : (A•(Yˆ), ∂)→ (A0,•X (Sˆ•(T∗Y),Dσ)
is given by
[η]∞ 7→ (i
∗η, i∗∇η, i∗∇2η, · · · ) (4.11)
since i˜∗∇npi∗η = i∗∇nη, where the∇ on the right hand side is the original (1, 0)-connection on
Y while the one on the left hand side is the pullback one along Y-fibers of X × Y.
Before we give a description of the homomorphism pi∗, we make some conventions on no-
tations. We abuse the notations and write TY = TX ⊕ N and T∗Y = T∗X ⊕ N∨ induced by the
fixed splittings. The decompositions extend to tensor products, i.e., tensor product TY⊗n can
be decomposed into direct sum of mixed tensors of TX and N components and similarly for
T∗Y⊗n. The same happens for symmetric tensor products:
SnT∗Y =
⊕
p+q=n
SpT∗X · SqN∨, (4.12)
where the dot stands for the commutative multiplication in the symmetric algebras.
We define a derivation
∇ : A0,•X (Sˆ
•T∗Y) → A0,•X (Sˆ
•+1T∗Y) (4.13)
of degree 0 for the grading from A0,•X as the composition of the operators
∇ := Sym ◦ ∇TX
Namely, for any η ∈ A0,•X (S
nT∗Y), first apply the connection∇TX on i∗SnT∗Y induced by ∇ to
get a T∗X ⊗ SnT∗Y-valued form
∇TXη ∈ A0,•X (T
∗X ⊗ SnT∗Y),
then apply a variation of the usual symmetrization map
Sym : T∗X⊗ SnT∗Y → Sn+1T∗Y,
which we define on each component of the decomposition (4.12) as
Symm,n : T
∗X ⊗ (Sm−1T∗X · Sn−m+1N∨)→ SmT∗X · Sn−m+1N∨
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by the formula
Symm,n(v0 ⊗ (v1 · v2 · · · vn)) =
1
m
v0 · v1 · · · vn,
∀ v0 ⊗ (v1 · v2 · · · vn) ∈ T
∗X ⊗ (Sm−1T∗X · Sn−m+1N∨) (4.14)
and we finally get
∇η ∈ A0,•X (S
n+1T∗Y)
When η ∈ A0,•X (S
0(T∗Y)) = A0,•X , ∇η = τ
∨(∂η) ∈ A0,•X (T∗Y) where ∂ is the (1, 0)-derivation
of forms on X. We can inductively apply ∇ and get
∇
k
: A0,•X (Sˆ
•(T∗Y)) → A0,•X (Sˆ
•+k(T∗Y))
In particular, since N∨ is naturally identified as a subbundle of T∗Y via p∨ : N∨ → T∗Y, we
can form the restriction of ∇
k
on Sˆ•(N∨):
∇
k
: A0,•X (Sˆ
•(N∨))→ A0,•X (Sˆ
•+k(T∗Y))
Note that here∇
0
is the natural inclusion Sˆ•(N∨) →֒ Sˆ•(T∗Y).
Proposition 4.2. We have
pi∗ =
∞
∑
k=0
∇
k
where pi∗ : A0,•X (Sˆ
•(N∨)) → A0,•X (Sˆ
•(T∗Y)) is as in (4.9). That is, givenµ = (µk)
∞
k=0 ∈ A
0,•
X (Sˆ
•(N∨)),
the n-th component of its image ν = pi∗(µ) is
νn =
n
∑
k=0
∇
k
µn−k ∈ A
0,•
X (S
nN∨).
Proof. Assume that exp∗X/Y,Ξ([η]∞) = µ where [η]∞ ∈ A
•(Yˆ). By (4.8) and (4.11), this means
µk = ρ
∨(i∗∇kη)
where ρ∨ is the projection
ρ∨ : A0,•X (Sˆ
•(T∗Y))→ A0,•X (Sˆ
•(N∨))
as in (4.7). Moreover, by the definition of pi∗ (4.9), we have
pi∗(µ) = exp∗σ ◦ pi
∗ ◦ (exp∗X/Y,Ξ)
−1(µ) = exp∗σ ◦ pi
∗([η]∞) = (i
∗∇kη)∞k=0.
Thus all we need to show is that
i∗∇nη =
n
∑
k=0
∇
k
(ρ∨(i∗∇n−kη))
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for all n ≥ 0. We prove it by induction on n. The n = 0 case is trivial. For n ≥ 1, note that we
can write
i∗∇nη = ρ∨(i∗∇nη) + component in T∗X · Sn−1T∗Y ⊂ SnT∗Y
via the decomposition (4.12). The second term on the right hand side is nothing but∇(i∗∇n−1η).
To see this, consider what happens when we evaluate i∗∇nη at some section s of TY⊗n, which
lies in a mixed tensor of m copies of TX (m ≥ 1) and n− m copies of N (of arbitrary order).
One can permute any of the TX-factors to the first place and plug it into the first ∇ in i∗∇nη,
since i∗∇nη is a symmetric tensor. This implies that i∗∇nη should be a symmetrization of
∇TX(i∗∇n−1η). The value of the latter at s, however, is m times what we need since s contains
m TX-factors. This explains the fractional factor 1/m in the formula (4.14). Finally we end the
proof by applying the inductive assumption. 
4.2.3. Description of the derivation D. To determine the derivationD, note that by (4.10) we have
D = ρ∨ ◦ pi∗ ◦D = ρ∨ ◦ D ◦ pi∗
where the last equality is by the definition of D. Thus for given µ = (µk)
∞
k=0 ∈ A
0,•
X (Sˆ
•(N∨)),
the n-th component of Dµ is
(Dµ)n = ∑
s+t=n
ρ∨ ◦ ∂ ◦ ∇sµt + ∑
r+s+t=n
r≥1
ρ∨ ◦ R˜r+1 ◦ ∇
s
µt (4.15)
by Proposition 4.2 and (4.5). To simplify the right hand side further, first observe that all we
need are the components of ∇
s
µt lying in Sˆ
•(N∨) and T∗X · Sˆ•(N∨) and we can ignore the
remaining ones in S2T∗X · Sˆ•(T∗Y). The reason is that if we apply the derivations ∂ and R˜n on
any section from S2T∗X · Sˆ•(T∗Y), the outcomes must lie in T∗X · Sˆ•(T∗Y), which will then be
eliminated by the projection ρ∨.
Thus we first denote the projections onto the only two ‘effective’ components respectively
by
P0 = p
∨ ◦ ρ∨ : Sˆ•(T∗Y) → Sˆ•(N∨) ⊂ Sˆ•(T∗Y)
and
P1 : Sˆ
•(T∗Y) → T∗X · Sˆ•(N∨) ⊂ Sˆ•(T∗Y).
Secondly, we define the derivation of degree +1
β˜ : A0,•X (Sˆ
•(T∗Y)) → A0,•+1X (Sˆ
•(T∗Y))
induced by
β ∈ A0,1X (Hom(T
∗X,N∨)) ⊂ A0,1X (Hom(T
∗Y, T∗Y)).
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where the last inclusion comes again from the splitting of TY. Note that β˜ acts onA0,•X (Sˆ
•(N∨)) ⊂
A0,•X (Sˆ
•(T∗Y)) as the zero map. So we can also think of β˜ as the operator
β˜ : A0,•X (T
∗X · Sˆ•(N∨))→ A0,•+1X (Sˆ
•+1(N∨))
The following lemma is immediate from (4.3).
Lemma 4.3. As derivations A0,•X (Sˆ
•(T∗Y)) → A0,•+1X (Sˆ
•(N∨)),
[ρ∨, ∂] = β˜ ◦ P1
Hence the first sum on the right hand side of (4.15) can be rewritten as
∑
s+t=n
ρ∨ ◦ ∂ ◦ ∇sµt = ∑
s+t=n
∂ ◦ ρ∨ ◦ ∇sµt + ∑
s+t=n
β˜X ◦ P1 ◦ ∇
s
µt
= ∂µn + ∑
s+t=n
β˜X ◦ P1 ◦ ∇
s
µt
(4.16)
The last equality is because that ∇
s
µt ∈ A
0,•
X (T
∗X · Sˆ•(T∗Y)) unless s = 0.
Thirdly, we split Rn ∈ A
0,1
X (Hom(T
∗Y, SnT∗Y)) into two components,
R⊥n := ρ
∨ ◦ Rn ◦ p
∨ ∈ A0,1X (Hom(N
∨, SnN∨))
and
R⊤n := ρ
∨ ◦ Rn ◦ τ
∨ ∈ A0,1X (Hom(T
∗X, SnN∨))
and denote the induced operators by
R˜⊥n : A
0,•
X (Sˆ
•(N∨))→ A0,•+1X (Sˆ
•+n−1(N∨))
and
R˜⊤n : A
0,•
X (T
∗X · Sˆ•(N∨))→ A0,•+1X (Sˆ
•+n(N∨))
respectively. To unify notations, we also write R⊤1 := β and R˜
⊤
1 := β˜.
We can then split the second term on the right hand side of (4.15):
∑
r+s+t=n
r≥1
ρ∨ ◦ R˜r+1 ◦ ∇
s
µt
= ∑
r+s+t=n
r≥1
ρ∨ ◦ R˜r+1 ◦ P0 ◦ ∇
s
µt + ∑
r+s+t=n
r≥1
ρ∨ ◦ R˜r+1 ◦ P1 ◦ ∇
s
µt
= ∑
r+s+t=n
r≥1
R˜⊥r+1 ◦ P0 ◦ ∇
s
µt + ∑
r+s+t=n
r≥1
R˜⊤r+1 ◦ P1 ◦ ∇
s
µt
=
n
∑
k=2
R˜⊥k ◦ µn−k+1 + ∑
r+s+t=n
r≥1
R˜⊤r+1 ◦ P1 ◦ ∇
s
µt
(4.17)
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Combine (4.15), (4.16) and (4.17) we get
(Dµ)n = ∂µn +
n
∑
k=2
R˜⊥k ◦µn−k+1 + ∑
r+s+t=n
r,t≥0, s≥1
R˜⊤r+1 ◦ P1 ◦ ∇
s
µt (4.18)
Finally, to compute the terms P1 ◦ ∇
s
µt, we define two derivations of degree 0 with respect
to the grading from A0,•X :
∇
⊥
: A0,•X (Sˆ
•(N∨))→ A0,•X (T
∗X · Sˆ•(N∨))
induced by the connection∇⊥ on N∨ the same way as we define∇ in (4.13). ∇⊥ f of a function
f is again understood as ∂ f , the (1, 0) differential.
The second one
S˜N : A
0,•
X (T
∗X · Sˆ•(N∨))→ A0,•X (T
∗X · Sˆ•+1(N∨))
induced by the shape operator SN : T
∗X → T∗X ⊗ N∨ as in (4.4) yet again with the images
symmetrized.
Lemma 4.4. With the notations above, we have
P1 ◦ ∇ = ∇
⊥
◦ P0 + S˜N ◦ P1,
thus ∀ s ≥ 1, ∀ µ ∈ Sˆ•(N∨),
P1 ◦ ∇
s
µ = (S˜N)
s−1 ◦ ∇
⊥
µ. (4.19)
Applying the equality (4.19) to (4.18), we eventually get
Theorem 4.5. Given µ = (µk)
∞
k=0 ∈ A
0,•
X (Sˆ
•(N∨)), the n-th component of Dµ is
(Dµ)n = ∂µn +
n
∑
k=2
R˜⊥k ◦ µn−k+1 + ∑
r+s+t=n
r,t≥0, s≥1
R˜⊤r+1 ◦ S˜N
s−1
◦ ∇
⊥
µt.
In other words,
D = ∂ + ∑
k≥2
R˜⊥k + ∑
p≥1, q≥0
R˜⊤p ◦ S˜N
q
◦ ∇
⊥
. (4.20)
Remark 4.6. From Theorem 4.5 we see that, even whenD acts on a function f (or a form), higher
term would be produced in general. Namely, by (4.20)
D f = ∂ f + ∑
p≥1, q≥0
R˜⊤p ◦ S˜N
q
◦ ∂ f (4.21)
This is a huge difference between the general situation and the case of diagonal embedding.
Remark 4.7. Although we get D2 = 0 for free from how we construct it, it is still an interesting
(yet tedious) exercise to verify it by hands and one will observe the Gauss-Codazzi-Ricci equa-
tions in classical differential geometry (see [Xin03]). We leave the details to interested readers.
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5. L∞-ALGEBROID OF THE FORMAL NEIGHBORHOOD
In this section we repackage the results in § 4 in terms of a L∞-algebroid structure on the
shifted cotangent bundle N[−1], or more precisely, on the complex A0,•X (N[−1]) = A
0,•−1
X (N),
whose Chevalley-Eilenberg complex is exactly the Dolbeault dga A•(Y(∞)X ). However, to keep
the signs simple, we will work with the L∞[1]-algebroid structure on the unshifted normal
bundle rather than the L∞-algebroid. Since throughout this section the background algebra is
the Dolbeault dga (A0,•(X), ∂) of the submanifold X, we will just write it as A0,•.
5.1. Conventions and notations. We follow the notations and sign conventions in [Vit14]. For
any postitive integers k1, . . . , kl , let Sh(k1, . . . kl) be the set of (k1, . . . , kl)-unshuffles, i.e., permu-
tationsσ of set of integers {1, 2, . . . , k1 + k2 + · · ·+ kl} satisfying
σ(k1 + · · ·+ ki−1 +m) < σ(k1 + · · ·+ ki−1 + n), ∀ 1 ≤ m < n ≤ ki, i = 1, . . . , l.
Suppose V = ⊕iV
i is a graded vector space over a field K of zero characteristic. Given a
list of homogeneous vectors in v = (v1, . . . , vn) in V and a permutation σ ∈ Sn, we denote by
α(σ , v) (resp., χ(σ , v)) the sign determined by
vσ(1) ⊙ · · · ⊙ vσ(n) = α(σ , v)v1 ⊙ · · · ⊙ vn (resp. vσ(1) ∧ · · · ∧ vσ(n) = χ(σ , v)v1 ∧ · · · ∧ vn)
where ⊙ (resp., ∧) is the graded symmetric (resp., graded skew-symmetric) product in the
graded symmetric algebra S(V) (resp., graded exterior algebra ∧V).
5.2. L∞- and L∞[1]-algebroids. We recall the definition of L∞-algebras and L∞[1]-algebras
([Vit14]).
Definition 5.1. An L∞-algebra is a graded vector space L
• equipped with a family of n-ary
multilinear operations (n-brackets)
ln : (L
•)×n → L•, (x1, · · · , xn) 7→ [x1, . . . , xn]n, n ∈ N
of degree 2− n, such that
(1) [·, . . . , ·]n is graded skew-symmetric, i.e., for any permutation σ ∈ Sn and vector v =
(v1, . . . , vn) of homogeneous elements in L
•,
[vσ(1), . . . , vσ(n)]n = χ(σ , v)[v1 , . . . , vn]n,
and
(2) the higher Jacobi identity is satisfied:
∑
i+ j=n
∑
σ∈Sh(i, j)
(−1)i jχ(σ , v)[[vσ(1) , . . . vσ(i)]i, vσ(i+1), . . . , vσ(n)] j+1 = 0, (5.1)
for any n ∈ N. In particular, (L•, d = [ · ]1) is a cochain complex.
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Definition 5.2. An L∞[1]-algebra is a graded vector space L• equipped with a family of n-ary
multilinear operations (n-brackets)
ℓn : (L
•)×n → L•, (x1, · · · , xn) 7→ {x1, . . . , xn}n, n ∈ N
of degree 1, such that
(1) {·, . . . , ·}n is graded symmetric, i.e., for any permutation σ ∈ Sn and homogeneous
vectors v = (v1, . . . , vn) in L
•,
{vσ(1), . . . , vσ(n)}n = α(σ , v){v1, . . . , vn}n,
and
(2) the higher Jacobi identity is satisfied:
∑
i+ j=n
∑
σ∈Sh(i, j)
α(σ , v){{vσ(1) , . . . vσ(i)}i, vσ(i+1), . . . , vσ(n)} j+1 = 0, (5.2)
for any n ∈ N. In particular, (L•, d = { · }1) is a cochain complex.
In the case when ln = 0 for all n ≥ 2, we call L• as a shifted differential graded Lie algebra or
simply a shifted DGLA.
There is a one-to-one correspondence between L∞-algebra structures {[·, · · · , ·]n| n ∈ N} on
a graded vector space L, and L∞[1]-algebra structures {{·, · · · , ·}n| n ∈ N} on L[1], the shifted
graded vector space of L, given by
{v1, . . . , vn} = (−1)
(k−1)|v1|+(k−2)|v2|+···+|vk−1|[v1, · · · , vn], ∀ v1, · · · , vn ∈ L, ∀ k ∈ N.
Definition 5.3. Amorphism f : L→ L′ between the L∞[1]-algebras (L, {·, · · · , ·}k) and (L
′, {·, · · · , ·}′k)
is a collection f = ( fn, n ∈ N) of n-ary, multilinear, graded symmetric maps of degree 0,
fn : L
×n → L′, n ∈ N,
such that
∑
i+ j=n
∑
σ∈Si, j
α(σ , v) fi+ j+1({vσ(1), . . . , vσ(i)}, vσ(i+1), . . . , vσ(i+ j))
=
k
∑
l=1
∑
n1+···+nl=n
1≤n1≤···≤nl
∑
σ∈Sh(n1 ,...,nl)
α(σ , v){ fn1 (vσ(1), . . . , vσ(n1)), . . . , fkl (vσ(k−kl+1), . . . , vσ(k))}
′ ,
(5.3)
for any v ∈ L×k.
Definition 5.4. An L∞[1]-algebroid or a strong homotopy (SH) Lie-Rinehart algebra (LR∞[1]-algebra)
is a pair (L•,A•), where A• is a unital graded commutative K-algebra and L• is an L∞[1]-
algebra with K-multilinear n-brackets {·, · · · , ·}n, n ∈ N, which also possesses the structure of
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a gradedA•-module. Moreover, there is a family of n-ary K-multilinear operations
{·, · · · , ·| -}n : L
×(n−1)×A• → A•, n ∈ N
of degree 1 such that
(1) Each {·, · · · , ·| -}n is A•-multilinear subject to the Koszul sign rules and graded sym-
metric in the first n − 1 entries and a derivation in the last entry. When n = 1, the
operation {| -}1 : A
• → A• does not depend on L• and determines a derivation dA on
A• of degree one. Hence A = (A•, dA) is a unital commutative dga. When n ≥ 1, the
induced maps (of degree 0)
αn : L
×n → Der•(A)[1], (v1, . . . , vn) 7→ {v1, . . . , vn| -}n+1, (5.4)
form a morphism α of L∞[1]-algebras between L• and shifted DGLA Der•(A)[1] of
derivations of A. We call α as the ∞-anchor map (or simply anchor map) and αn the nth
anchor map of the L∞[1]-algebroid L. Moreover,αn is A-multilinear.
(2) The brackets of L and the anchor map satisfies the equality
{v1, . . . , vn−1, a · vn}n = {v1, . . . , vn−1|a}n · vn + (−1)
|a|(|v1|+···+|vn−1|+1)a · {v1, . . . , vn}n (5.5)
for any n ∈ N. Note that when n = 1, this means (L, dL = {·}1) is a dg-module over the
dga A = (A•, dA).
Remark 5.5. Unlike [Vit14], we always write explicitly the underlying dga A = (A•, dA) and
we also call (L•, dL) as an L∞[1]-algebroid over the dga A if the operation {|−}1 equals dA.
We now describe the (completed) Chevalley-Eilenberg dga of an L∞[1]-algebroid. Instead of
the multi-differential algebra structure on the uncompleted symmetric algebra used in [Vit14],
we use the completed symmetric algebra. The difference is minor.
LetA• be a unital graded commutativeK-algebra and L• a gradedA•-module. Let SrA(L,A)
be the graded A• module of graded symmetric, A•-multilinear maps with r entries. A homo-
geneous element η ∈ SrA(L,A) is a homogeneous, graded symmetric, K-multilinear map
η : (L•)×r → A•
such that
η(av1 , v2, . . . , vr) = (−1)
|a||η|aη(v1 , v2, . . . , vr), a ∈ A
•, v1, . . . , vr ∈ L
•.
In particular, S0A(L,A) = A
• and S1A(L,A) = L
∨• := HomA•(L
•,A•). Define the completed
symmetric algebra
SˆA(L,A) = ∏
r≥0
SrA(L,A),
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where the product of two homogenous elements η ∈ SrA(L,A) and η
′ ∈ Sr
′
A•(L
•,A) is given by
the formula
(ηη′)(v1, . . . , vr+r′) = ∑
σ∈Sr,r′
(−1)|η
′|(|vσ(1)|+···+vσ(r))α(σ , v)η(vσ(1), . . . , vσ(r))η
′(vσ(r+1), . . . , vσ(r+r′)),
for any v = (v1, . . . , vr+r′) ∈ (L
•)×(r+r
′). SˆA(L,A) is a graded commutative unital algebra.
Remark 5.6. Suppose L• = A• ⊗A0 L
0, where A0 and L0 are the zeroth component of A• and
L• respectively, and L0 is a projective and finitely generated A0-module. Then SˆA(L,A) ≃
A•⊗ˆA0 SˆA0((L
0)∨) as A•-modules, where ⊗ˆ is the complete tensor product with respect to the
projective topology on SˆA0((L
0)∨).
The following theorem is an analogue of Theorem 12, [Vit14].
Theorem 5.7. Let A• be an graded commutative unital K-algebra and L• be a projective and finitely
generated A•-module. Then an LR∞[1]-algebra structure on (L•,A•) is equivalent to a degree one
derivation on SˆA(L,A).
Sketch of proof. Weonly recall the construction of the derivation from [Vit14], which will be used
later. For the detailed proof see the Appendix A of [Vit14].
Since L• is projective and finitely generated, SˆA(L,A) ≃ SˆA(L
∨), the completed symmetric
algebra generated by theA•-module L∨•, and any derivation is hence determined by its action
on A• and L∨•. Define degree one derivation Dn on SˆA(L,A) as follows. For any a ∈ A
•, set
(Dna)(v1, . . . , vn) := (−1)
|a|(|v1|+···+|vn|){v1, . . . , vn|a}n+1, ∀ v1, . . . , vn ∈ L
•, n ≥ 0.
We have Dna ∈ SnA(L
∨). Note that D0a = dAa. For any η ∈ L
∨•, set
(Dnη)(v1, . . . , vn+1) :=
n+1
∑
i=1
(−1)θ{v1, . . . , v̂i, . . . , vn+1|η(vi)}n+1 + (−1)
|η|η({v1, . . . , vn+1}),
where θ := |η|(|v1| + · · · + |̂vi| + · · · + |vn+1|) + |vi|(|vi+1| + · · · + |vn+1|), v1, . . . , vn+1 ∈
L•, n ≥ 0, and a hat ·̂ stands for omission. We have Dnη ∈ Sn+1(L∨). Note that D0 restricted
on L∨• is the differential dL∨ induced from dL on L
•.
The unique extension of Dn as a degree one derivation on SˆA(L,A) satisfies the higher
Chevalley-Eilenberg formula:
(Dnη)(v1, . . . , vn+r)
:= ∑
σ∈Sh(n,r)
(−1)|η|(|vσ(1)|+···+|vσ(n)|)α(σ , v){vσ(1), . . . , vσ(n)|η(vσ(n+1), . . . , vσ(n+r))}n+1
− ∑
τ∈Sh(n+1,r−1)
(−1)|η|α(τ , v)η({vτ(1), . . . , vτ(n+1)}n+1, vτ(n+2), . . . , vτ(n+r)),
(5.6)
for any η ∈ SrA(L,A), v = (v1, . . . , vn+k) ∈ (L
•)×(n+r).
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It is proved in [Vit14] that ∑ j+k=n D jDk = 0 for all n ≥ 0. Hence we can define the degree 1
derivation D = ∑n≥0 Dn on SˆA(L,A) and D2 = 0.
Conversely, any degree 1 derivation D on SˆA(L,A) can be written as D = ∑n≥0 Dn, where
Dn maps S
r
A(L,A) to S
r+n
A (L,A). For any a ∈ A
• and v1, . . . , vn ∈ L
•, set
{v1 , . . . , vn−1|a}n := (−1)
|a|(|v1|+···+|vn−1|)(Dn−1a)(v1, . . . , vn−1) ∈ A
• (5.7)
and let {v1, . . . , vn}n be the unique element in L
• satisfying
η({v1, . . . , vn}n) :=(−1)
|η|
n
∑
i=1
n
∑
i=1
(−1)|vi|(|v1|+···+|vi−1|)Dn−1(η(vi))(v1, . . . , v̂i, . . . , vn)
− (−1)|η|(Dn−1η)(v1, . . . , vn),
(5.8)
for any η ∈ L∨• (here we use the projectivity and finiteness of L•). 
Definition 5.8. The dga (SˆA(L,A),D) determined by an L∞[1]-algebroid (L
•,A•) in Theorem
5.7 is called the (completed) Chevalley-Eilenberg dga of L•.
Remark 5.9. If the dga structure A = (A•, dA) is fixed in advance, an L∞[1]-algebroid structure
over A on L• is equivalent to a derivation D on SˆA(L,A), whose zeroth component D0 acts on
A• as dA and acts on L
∨• as dL∨ .
5.3. L∞[1]-algebroid of the formal neighborhood. We now repackage the differential D in
the formula (4.20) in the language of L∞[1]-algebroids. The underlying dga A is the Dol-
beault dga (A0,•(X), ∂), hence the shifted DGLA A0,•+1X (TX) of shifted Dolbeaut complex of
the tangent bundle TX equipped with the usual Lie bracket is a shifted dg-Lie subaglebra in-
side Der•(A)[1]. The underlying A-module of the L∞[1]-algebroid is the Dolbeault complex
(L•, dL) = (A
0,•
X (N), ∂) of the normal bundle N of X inside Y. The structure maps are given
as follows. First of all, we compute the values of the anchors on SrA(L, A) = A
0,0
X (S
rN), using
(4.21), (5.4) and (5.7), and get the recursive formulas,
α1 = R
⊤
1 = β : A
0,0
X (N)→ A
0,1
X (TX) ⊂ Der
1(A), (5.9)
αn = R
⊤
n + ∑
σ∈Sh(n−1,1)
SN ◦ (αn−1 × 1) ◦σ : A
0,0
X (N)
×n → A0,1X (TX) ⊂ Der
1(A), n ≥ 2,
(5.10)
where σ acts as permutation on the n A0,0X (N)-factors and SN : TX ⊗ N → TX is the shape
operator.) Then we extendαn to an A-multilinear map from A
0,•
X (N)
×n to A0,•+1X (TX) subject
to the Koszul sign rules.
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Similarly, by (5.8), (4.20) and the formulas above for α, we get the formulas for the n-ary
brackets,
ℓn = R
⊥
n + ∑
σ∈Sh(n−1,1)
∇⊥ ◦ (αn−1 × 1) ◦σ : A
0,0
X (N)
×n → A0,1X (N), n ≥ 2, (5.11)
where the connection∇⊥ on the normal bundle is considered as a map
∇⊥ : A0,•X (TX)⊗C A
0,•
X (N)→ A
0,•
X (N)
of degree zero. Then we can extend the brackets uniquely such that it satisfies the condition
(1) of Definition 5.4.
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